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ABSTRACT 


A  pseudobase  (P  for  a  topological  space  X  is  a  class  of 
subsets  of  X  such  that  whenever  C  c  U  ,  with  C  compact  and  U  open 
in  X  ,  there  is  a  P  e  (P  such  that  C  c  P  c  U  ,  E.  Michael  has 

recently  investigated  a  class  of  spaces  containing  the  separable  metric 
spaces  which  he  called  j^^-spaces  and  which  he  defined  to  be  regular, 

T^  spaces  having  countable  pseudobases. 

In  this  thesis  we  generalize  the  concept  of  an  X^-space  in 

order  to  include  all  metric  spaces.  The  principal  properties  of  this 

extended  class  of  spaces  which  we  call  j^^-spaces  are  established.  We 

compare  the  properties  of  i'N  -spaces  with  those  of  .K1  -spaces.  In  most 

O’  o 

cases  where  it  is  found  necessary  to  weaken  a  statement  concerning  jK"  - 
spaces,  we  give  examples  to  show  that  the  corresponding  statement  for 
.K*  -spaces  is  not  true  for  -spaces. 

O  CT 

We  define  a  class  of  subsets  (P  of  a  space  X  to  be  piecewise 
a-locally  finite  if  each  P  e  (P  is  a  finite  union  of  members  of  a 
cr-locally  finite  class  of  subsets  of  X  .  An  ^  -space  is  a  regular, 

T^  space  having  a  piecewise  cr-locally  finite  pseudobase. 


The  following  properties  are  established  for 


^spaces 


A.  Each  metric  space  and  each  -space  is  an  -space 

o  cr 

B.  First  countable  ^  -spaces  are  metrizable. 

cr 
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Locally  compact 


^-spaces  are  metrizable 


Each  open  subset  of  an 


X 


-space  is  an  F 
cr  a 


Any  subspace  of  an 


^-space  is  an  i  ^-space  <> 


A  countable  product  of  .K*  -spaces  is  an  bb  -space 0 

cr  or 

The  image  of  an  -space,  under  a  perfect  mapping,  is  an 

K 


■space . 


If  X  and  Y  are 


cr 


-spaces,  then  so  is  any  adjunction  space 


X  Uj  Y  in  which  the  domain  of  the  attaching  map  f  is  compact , 

If  (X,  t )  is  an  .-space,  then  so  is  (X,tj)  for  any  regular, 
topology  t*  on  X  yeilding  the  same  compact  subsets  as  t 

If  X  is  a  locally  compact  j^-space  and  Y  is  an  M'^-space, 
then  (o(X,Y)  with  the  compact-open  topology  is  an  -space. 
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CHAPTER  1 


INTRODUCTION 


In  a  recent  paper  [5],  E.  Michael  introduced  a  class  of 
topological  spaces  called  H  -spaces  which  contains  all  separable  metr 


1C 


spaces.  In  this  paper,  we  use  the  basic  notions  underlying  the  concept. 


of 


K  - 


spaces  to  define  a  class  of  speces  call  .Kg.-spaces  which  contains 


all  metric  spaces  and  all 


K  - 


spaces . 


1.1  Basic  Definitions 

Throughout  this  paper  we  shall  understand  that  a  space  is  a 
topological  space.  The  usual  notation  for  a  space  (X,t)  will  be 
abbreviated  to  X  whenever  there  is  no  need  to  call  particular  attention 
to  the  topology  t  . 

Definition  1.1,1  A  class  (P  ojE  subsets  of  a  space  X  ij3_  called  a 

pseudobase  for  X  i£,  whenever  C  c  U  ,  with  C  compact  and  U  open 
in  X  ,  then  C  c  P  c  U  for  some  P  e  Q  . 

Definition  1.1,2  .  An  M  - space  is  a  regular,  T^  space  having  a 
countable  pseudobase . 


Recall  that  a  base  (B  for  a  space  X  is  a  class  of  open 


• 
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subsets  of  X  such  that  if  x  €  U  and  U  is  open,  then  x  e  B  c  U 
for  some  B  e  0  .  Since  a  separable  metric  space  has  a  countable  base, 
it  follows  that  each  separable  metric  space  is  an  i^-space. 

A  class  pf  of  subsets  of  a  space  X  is  called  locally  finite 
if  each  point  x  e  X  has  a  neighborhood  which  has  a  non-empty  intersection 
with  only  finitely  many  members  of  P  .  Hereafter,  when  a  set  A  has 
a  non-empty  intersection  with  a  set  B  ,  we  shall  say  that  A  meets 
B  .  If  for  each  n  e  N  =  {1,2,...}  ,  ^  is  a  locally  finite  class, 

then  P  »  U{pn  *  n  e  ^3  sa^  t0  ^-locally  finite. 

Definition  1.1.3  .  A  class  (P  o_f  subsets  of  a  space  X  is_  called 
piecewise  cr- locally  finite  if  each  P  e  (?  is_  a  finite  union  of  members 
of  a  a-locally  finite  class  p  . 


Definition  1,1.4  .  An  j^-space  is  a  regular, 
wise  cr-locally  finite  pseudobase . 


space  having  a 


In  order  to  see  to  what  extent  .K  -spaces  are  like  -spaces, 


we  summarize  the  principal  properties  of  H^-spaces  here 


A,  All  separable  metric  spaces  and  all  their  regular, 
quotient  spaces  are  -spaces. 


B.  First  countable  ,K  -spaces  are  separable  metrizable 


C.  Locally  compact  ^^-spaces  are  separable  metrizable. 


■ 

■ 
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D.  Every  .Hj^-space  is  a  regular  Lindelbf  space  (hence  para  = 


compact)  and  every  open  subset  is  an  F 


Eo  Each  subspace  of  an  .H  -space  is  an  K  -space 


o 


F„  A  countable  product  of  -spaces  is  an  -space . 

o  o 

G„  The  image  of  an  ,Ko~space,  under  a  closed,  countinuous 
mapping,  is  an  l^-space  „ 

H0  If  X  and  Y  are  K  ^-spaces,  then  so  is  any  adjunction 
space  X  Uj  Y  o 

I,  If  (X,t^)  is  an  K  -space,  then  so  is  (X, Tp)  for 

^  topology  on  X  yeilding  the  same  compact  subsets 


any  regular, 
as  Tn  o 


If  X  and  Y  are  -  spaces,  so  is  the  function  space 


<^(X,Y)  with  the  compact-open  topology, 


K,  A 


X 


is  an  -space  iff  k(x)  is 


regular,  space 

a  quotient  space  of  a  separable  metric  space , 

L„  A  regular,  space  is  an  /v^-space  iff  it  is  a  compact 

covering  image  of  a  separable  metric  space c 


We  shall  recall  the  definitions  of  terms  used  in  the  above 
propositions  as  the  corresponding  properties  of  K  -spaces  are  discussed0 
In  [5],  Michael  points  out  that  there  are  two  other  classes  of  spaces 
having  most  of  the  above  properties „  They  are  the  stratifiable  spaces  [1] 
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(which  contain  all  metric  spaces,  but  which  are  not  Lindelof  or  separable) 
and  the  cosmic  spaces  (continuous  images  of  separable  metric  spaces). 
Neither  of  these  classes  satisfy  J  ,  even  in  the  special  case  where 
X  is  a  closed  interval,  ^^spaces  also  share  many  of  the  properties 
possessed  by  X^-spaces  and,  when  X  is  an  interval,  J  holds  for 

K  -spaces, 

O’ 

1,2  Notation 

The  natural  numbers  {1,2,  , will  be  denoted  by  N  ,  If 
A  is  a  subset  of  a  space  X  ,  we  shall  denote  the  interior  of  A  by 

A°  ,  the  closure  of  A  by  A  ,  and  the  complement  of  A  in  X  by 

X-A  ,  In  cases  where  the  phrase  “if  and  only  if"  is  required,  Halmos' 
"iff"  will  be  used.  The  usual  functional  notation  will  also  be  employed. 
That  is,  a  function  f  whose  domain  is  X  and  whose  range  is  a  subset 
of  Y  will  be  denoted  by  f  ?  X  Y  .  If  f(X)  =  Y  ,  we  shall  write 
f  I  X  ->-+Y  ,  If  A  is  a  subset  of  X  ,  then  the  restriction  of  f 

to  A  (a  function  whose  domain  is  A  and  which  is  equal  to  f(a)  for 

each  a  c  A  )  will  be  denoted  by  f |A  . 


' 

■ 
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CHAPTER  2 


Mp.- Spaces  Which  Are  Spaces 

Michael  has  shown  [5,  Corollary  7»8]  that  a  regular,  space 

which  can  be  covered  by  a  locally  finite,  countable  collection  of  closed 
j^^-spaces  is  an  i^-space.  Each  subspace  of  an  h^-space  is  also  an 
/•^-space  [5,  E],  We  shall  use  these  facts  in  proving  the  following 
proposition  which  provides  the  reason  for  passing  over  the  consideration 
of  spaces  having  cr-locally  finite  pseudobases  . 


Theorem  2 . 1  .  A  regular , 
pseudobase  (P  jLs  a  -  space . 


space  X  having  a  cr-locally  finite 


Proof.  Let  x  and  y  be  distinct  points  of  X  and  let  U  and  ¥  be 
disjoint  open  neighborhoods  of  x  and  y  ,  respectively.  Let  A  c  U 
and  B  c  V  be  closed  neighborhoods  of  x  and  y  ,  respectively.  Finally, 


let  X^  =  X-A  ,  =  X-U  ,  and  define  and  X^  in  terms  of  y  , 

similarly . 

Since  (P  is  cr-locally  finite,  x  is  contained  in,  at  most, 
countably  many  members  of  (P  .  Let  (P(x)  =  {P  e  (P  °  x  €  P]  .  Now  let 

C  be  a  compact  and  W  open  in  X^  ,  with  C  c  W  „  Then  W  is  open 

.  o 

in  X  and  =  C  U  [x]  is  compact  in  X  .  Since  x  e  A  ,  there 

is  a  P  e  P(x)  such  that  c  P  c  W  U  A°  „  Then  C  c  P  Q  X^  c:  W  . 

Hence  (P^  =  (P  (1  :  P  e  (p(x)};  is  a  countable  pseudobase  for  X^  . 

Then  X  ,  being  a  subspace  of  X  is  an  -space,  Similarly, 

JL  JL  O 


■ 

'■ 
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'v  „  ^ 

=  X-v  is  an  Jt^-space .  Thus  X  =  X^  U  X^  is  the  union  of  two  closed 

J^-spaces  and  that  completes  the  proof. 


In  the  discussions  to  follow,  we  shall  have  frequent  need  to 


call  attention  to  the  cr-loeally  finite  class  of  subsets  of  a  space  X 
whose  finite  unions  form  a  pseudobase  for  X  „  We  shall  say  that  such 
a  class  generates  a  pseudobase  for  X  or,  more  briefly,  that  the  class 
is  a  generator  for  X  . 

Observe  that  if  P  =  U{^n  «  n  €  N)  is  a  cr-locally  finite 
class  of  subsets  of  a  space  X  and  if  C  c  X  is  compact,  then  C 
meets,  at  most,  countably  many  members  of  p  .  This  follows  from  the 
fact  that,  for  each  n  €  N  ,  C  can  be  covered  by  finitely  many  neighbor- 
hoods  of  points  in  C  ,  each  of  which  meets  only  finitely  many  members 
of  pJn  .  This  observation  is  all  that  is  needed  in  the  following 
proposition. 

Recall  that  a  space  is  said  to  be  0“-compact  if  it  is  a  countable 
union  of  compact  subsets. 


Proposition  2,2  A  q-compaet  jC-spaee  is  and 


Proof.  If  X  =  U[X^  l  n  €  N]  is  an  H^-spaee  and  each  Xr  is  compact, 
then  each  X^  meets,  at  most  countably  many  members  of  a  cr- locally  finite 
generator  CJ  for  X  .  Then  pi  itself  must  be  countable  so  the  pseudobase 


generated  by  J  is  also  countable.  That  completes  the  proof. 
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CHAPTER  3 

Closed  Generators  For  Spaces 

If  C  is  a  compact  subset  of  a  regular  space  X  and  C  c  U  , 

<s> 

with  U  open,  then  there  is  an  open  set  ¥  such  that  C  c  V  c  ¥  c  U  . 
For  C  can  be  covered  by  finitely  many  neighborhoods  of  points  in  C 
whose  closures  are  contained  in  U  .  Then  if  X  is  an  K^space,  p 
is  a  generator  for  X  ,  and  C  c  U  ,  with  C  compact  and  U  open  in 

X  ,  there  is  a  finite  union  P  of  members  of  p  such  that 

CcPcVcV  c  U  ,  where  ¥  is  open.  Thus  G  c  P  c  U  .  Now  if 

T  e  P  is  one  of  the  members  in  the  finite  class  whose  union  is  P  ,  it 

follows  that  T  c  P  .  Observe  now  that  if  is  a  locally  finite 

class  of  subsets  of  a  space  X  ,  then  {T  :  T  e  P^}  is  also  locally 

finite.  For  if  x  e  X  and  U  is  a  neighborhood  of  x  which  meets  only 

finitely  many  T  e  ^  ,  then  x  e  V  =  X  *  U{T  e  P  :  U  II  T  =  p]~  . 

Then  V  is  a  neighborhood  of  x  which  meets  T  for  T  e  P^  only  if 

U  meets  T  .  It  now  follows  that  a  generator  for  an  -space  may  be 

assumed  to  consist  of  closed  sets. 

A  locally  finite  family  (B  of  subsets  of  a  space  X  has  the 

closure  preserving  property.  That  Is,  if  {B  %  a  e  A]  is  any  subfamily 

Si 

of  (B  ,  then  U{B  l  a  e  A}  =  U{B  ;  a  e  A]  .  We  need  only  show  that 

cl 

U{B  •  a  e  A}~  cz  U  {B  ”  °  a  e  A}  for  the  reverse  inclusion  is  true  whether 

3  3 

or  not  (B  is  locally  finite.  Now  a  set  in  X  can  meet  no  more  members 
of  {Ba  l  a  e  A]  than  it  does  members  of  IB  so  that  %  a  e  A]  is 


Oi 
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certainly  locally  finite.  Then  if  x  €  U (Ba  i  a  e  A)  and  V  is  a 
neighborhood  of  x  which  meets  only  finitely  many  B  *s  ,  then 
xeU{B  S  a  €  A  and  V  n  B  =|  0}’  =  U{B  *  !  a  e  A  and  V  H  B  4  P) 

SL  SL  3.  cl 

a  U{Ba  l  a  €  A}  „  Thus  U{®a  °  a  e  A)  c  U{Ba  l  a  e  A]  . 

Recall  that  an  F  subset  of  a  space  is  a  countable  union  of 

closed  subsets.  The  following  proposition  (which  shows  that  l^-spaces 

share  a  part  of  property  D  of  H  -spaces)  is  an  easy  consequence  of 

o 

the  definition  of  N  -spaces  and  the  above  remarks. 

cr 

Proposition  3°  1  Every  open  subset  of  an  .K^-space  is  an  . 

Proof .  Let  U  be  an  open  subset  of  an  .K^-space  X  with  a  cr-locally 
finite  closed  generator  =  U(Pn  »  n  e  N}  .  For  each  n  e  N  ,  let 
?  (U)  -  (T  e  Pn  :  T  c  U)  and  let  F^  -  U{T  :  T  e  ^(u)}  .  Then  each 
Fr  is  closed  in  view  of  the  preceding  remarks  an  U  =  U{F^  %  n  e  N] 
(since  each  [x]  c  U  is  compact). 


-  9  - 


CHAPTER  4 


Paraeompact  and  Metrizable  ^.-Spaces 


4.1 


Paraeompact  }^.~Spae 


es 


If  V  is  an  open  cover  of  a  space  X  ,  then  a  cover  of 
X  is  said  to  refine  V  or  to  be  a  refinement  of  if  each  V  €  y 
is  contained  in  some  U  e  li,  A  Hausdorff  space  X  is  called  paraeompact 
iff  each  open  cover  of  X  has  an  open  locally  finite  refinement.  There  are 
several  equivalents  to  paracompactness  for  regular  spaces ,  one  of  which 
is  that  a  regular  space  X  is  paraeompact  iff  each  open  cover  of  X 
has  a  locally  finite  refinement  [4,  Lemma  1,  b]0 


Unfortunately,  not  all  -spaces  are  paraeompact  as  we  show 
in  Example  4.3°1  °  However,  there  is  a  special  class  of  -spaces,  each 
of  which  is  paraeompact.  Moreover,  just  as  for  w  -spaces,  the  first 
countable  and  the  locally  compact  j^.-spaces  are  metrizable. 


Let  us  begin  by  recalling  a  few  definitions.  If  x  is  a  point 
in  a  space  X  ,  a  base  at  x  is  a  system  of  neighborhoods  of  x  {U  s  a  e  A] 
such  that  if  x  e  U  and  U  is  open,  then  x  e  U  e  U  for  some  a  e  A  . 

A  first  countable  space  X  is  one  for  which  there  is  a  countable  base  at 
x  for  each  x  e  X  .  When  considering  first  countable  spaces,  we  shall 
always  assume  that  if  (Un(x)  i  n  e  N)  is  a  base  at  x  ,  then 
^n+l(X)  C  ^n(x)  f°r  eac^  n  e  N  .  This  can  be  arranged  by  letting 


’ 


-lO- 


rn 

V  (x)  =  fi  Un(x)  f°r  eac^  m  €  N  and  taking  {V  (x)  S  m  €  N]  for  a 
n=l 

base  at  x  . 


A  locally  compact  space  is  one  in  which  each  point  has  a 
compact  neighborhood.  Each  compact  space  is  then  locally  compact. 

Finally,  an  r-space  X  is  one  in  which  each  point  x  e  X 
has  a  countable  system  of  neighborhoods  {Ur(x)  l  n  e  N]  such  that  if 
xn  e  Un(x)  for  each  n  e  N  ,  then  {x^,Xg,x^,  . .  „ }  has  compact  closure. 
It  is  easy  to  see  that  each  first  countable,  space  and  each  locally 

compact  Hausdorff  space  is  an  r-space. 

In  view  of  the  metrization  theorem  of  J.Nagata  [6,  Theorem  1] 
and  Yu.  Smirnov  [7,  Theorem  1]  which  states  that  a  regular,  T^  space 
is  metrizable  iff  it  has  a  a-locally  finite  base,  the  definition  of 
b^-spaces  is  tailored  to  fit  metric  spaces.  However,  we  shall  include 
a  proof  of  this  and  another  equally  obvious  assertion  for  the  sake  of 
completeness  before  carrying  on  with  the  principal  results  of  this 
chapter . 


Proposition  4.1.1 


Each  metric  space  and  each  -space  is  an 


Proof.  If  X  is  a  metric  space,  then  by  the  aforementioned  result  of 

Nagata  and  Smirnov,  X  has  a  cr-locally  finite  base  (B  .  If  (P  is  the 

class  of  finite  unions  of  members  of  (8  ,  then  clearly,  (P  is  a  pseudobase 

for  X  and  hence  X  is  an  -space. 

a 


.  . 


8 

t 

' 


11 


If  X  is  an  i\c  ^-space,  then  since  any  countable  class  of  sub¬ 
sets  of  X  is  CT-locally  finite,  X  is  also  an  i^^-space. 

In  order  to  establish  the  principal  results  of  this  chapter, 
we  shall  need  the  following  lemmas. 

Lemma  4.1.2  .  Let  X  be_  an  j^-space  which  is  an  r -space  and  let 
P  =  U  f  Pn  l  n  e  N )  b£  a  cr-locally  finite  generator  for  X  .  For  each 
m  e  N  ,  let  Pi-utx :  n  <  m]  .  Then  if  U  is_  open  in  X  and 
x  e  U  ,  there  is  an  m  e  N  such  that  x  e  [F(m,U)]°  ,  where 
F(m,U)  =U(T  :  TcU}  . 

Proof.  Suppose  not.  Then  there  is  an  x  e  X  and  an  open  neighborhood 

U  of  x  such  that  x  e  [F(m/U)]°  is  false  for  every  m  e  N  .  Let 

{Un(x)  l  n  e  N}  be  a  sequence  of  neighborhoods  of  x  such  that  if 

xn  e  U^(x)  for  each  n  e  N  ,  then  [x^,Xg, . . ., )  is  compact.  Let 

V  be  a  neighborhood  of  x  such  that  V  c  U  and  for  each  n  €  N  , 

let  V  =  V  D  U  (x)  „  Since  ¥  <±  F(n,U)  ,  we  can  choose  x  e  ¥  F(n,U)  „ 

Then  C  =  {x^,Xg,...)  is  compact  and  C  c  V  c  U  .  Then  there  is  a 

X  ^  *~r  r 

finite  union  U  T,  of  members  of  ^  such  that  G  c  U  T,  c  U  .  But 

k-1  k=l 

if  m  =  max. {min. n  ;  T,  e  P  >  k  =  l,2,..„,r}  ,  then  G  c  F(m,U)  which 

k.  n 

contradicts  the  choice  of  x^  e  C  and  that  completes  the  proof. 

Lemma  4.1.3  .  Let  X  be  a  first  countable  -space  with  g-locally 
finite  closed  generator  P-U[X  l  n  e  N]  .  For  each  m  e  N  ,  let 
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?;=U(?n  :  n  <  m]  ,  Then  if_  U  _is  an  open  neighborhood  of  a  point 
x  e  X  ,  there  is  an  m  e  N  such  that,  x  e  [St  (x,  P^,U)]°  ,  where 
ST(x,  3^,U)  =  U[T  e  I  x  eTeU}  . 


Proof  o  Suppose  there  is  an  x  e  X  and  an  open  neighborhood  U  of  x 

such  that  x  e  [St(x,  p ' ,U) ]°  is  false  for  each  m  e  N  ,  Let 

in 

[U  (x)  *  n  e  N)  be  all  those  members  of  a  countable  base  at  x  such 
n 

that  each  U  (x)  c  U  „  Choose  x  e  U  (x)  -  St(x,  P'.U)  ,  Then 
n  n  ini 

— »  x  and  C  =  (XjX^x^,.,.,)  is  compact 0  Since  C  cU  there  is  a 

finite  union  P  =  U{Ta  %  a  e  A}  of  members  of  pf  such  that  C  c  P  c  U  . 

Let  B  c  A  be  the  set  of  indices  such  that  x  e  T,  for  each  b  e  B  , 

b 

Then  if  n  e  N  ,  there  is  an  n  >  n  such  that  x  e  P"  =  UfT,  l  b  e  B) 
o  ’  o  n  L  b  J 

For  if  not,  then  [x^  i  n  >  nQ)  is  in  P"  =  IjfT^  l  a  e  A-B}  which  is 
closed  and  does  not  contain  x  .  But  this  contradicts  x  -+  x  since 


X-P'*  is  a  neighborhood  of  x  » 


n 


o 


Now 

let  m  =  max  {min  n  l 
b  €  B 

T,  e  p  }  . 
b  'n  J 

Then 

P5  c 

St(x,  P^,U) 

Note  that 

if 

k  >  j  ,  then  St(x, 

,U)  c  St(x,  P 

k’u)  • 

Then 

there  is 

a  k  >  m 

such 

that  x^  e  P*  c  St(x, P 

c  St(x, 

?i»D> 

which 

contradicts 

the  choice 

of 

x^  and  that  completes 

the  proof. 

Theorem  4,1,4  „  x  iiL  £  space  which  is  an  r-space ,  then  X  is 

paracompact , 


Proof,  We  shall  show  that  every  open  cover  of  X  has  a  locally  finite 


refinement „ 
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Let  *li  be  an  open  cover  of  X  and  for  each  n  e  N  ,  let 
P  n(U)  =  [T  €  p^  ;  T  c  U  for  some  U  e  11  }  where  P  =  U(Pn  :  n  €  N} 
is  a  cr-locally  finite  generator  for  X  .  For  each  m  e  N  and  for  each 
T  e  pjm(U)  ,  let  T  =  T  -  U{T’  :  T'  e  n  <  m]  .  Let  P 

=  {T  :  T  e  Pn(W  for  some  n  e  N}  .  Then  P  is  a  locally  finite 
refinement  of  U  . 

First  we  show  that  p  is  locally  finite.  Let  x  e  X  and 

let  U  €  11  be  a  neighborhood  of  x  .  By  lemma  4.1.2,  there  is  an 

m 

m  e  N  such  that  x  e  [F(m,U)]  ,  where  F(m,U)  =  U  {T  e  'J  P  :  T  c  U)  . 

n=l  n 

Then  [F(m,U)]°  D  T  =  pi  if  T  e  P^(K)  for  k  >  m  .  If  for  each  n  <  m  , 

V  (x)  is  a  neighborhood  of  x  which  meets  only  finitely  many  T  e  P  , 
o  m 

then  [F(m,u)]  fl  fl  V  (x)  is  a  neighborhood  of  x  which  meets  only 

n=l  n 

finitely  many  T  e  p  . 

Now  if  x  e  X  ,  there  is  a  first  n  such  that  x  e  T  e  . 

Then  x  e  T  for  this  T  .  Therefore,  P  refines  H  since,  clearly 

A  A 

each  T  e  p  is  a  subset  of  some  U  e  11  and  that  completes  the  proof. 

4.2  Metrizable  } ^  -Spaces 

A  space  X  is  said  to  be  locally  metrizable  if  each  point 
x  e  X  has  a  neighborhood  which  is  a  metrizable  subspace  of  X  .  Smirnov 
[8,  Theorem  3]  showed  that  a  locally  metrizable  Hausdorff  space  is  metrizable 
iff  it  is  paracompact.  If  we  knew  that  the  property  of  being  an  j^^-space 
was  hereditary,  there  would  be  an  easy  corollary  to  this  and  proposition  4.1.4, 
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in  view  of  the  above  theorem  of  Smirnov. 

Proposition  4.2,1  .  Each  subspace  of  an  j^-space  is  and  .Hi^-space . 

Proof.  Let  X  be  an  K'^.-space  with  cr-locally  finite  generator  P 

and  let  A  c  X  .  Then  P (A)  =  {T  n  A  :  T  e  P  }  is  a  cr-lotpally  finite 

<» 

generator  for  A  with  the  relative  topology. 

Clearly,  p (a)  is  cr-locally  finite  in  A  and  if  C  c  A  is 

compact,  then  C  is  compact  in  X  also.  Thus  if  C  c  U  fl  A  ,  with  U 

k  n 

open  in  X  ,  there  is  a  finite  union  U  T  of  members  of  such  that 

,  n=l 

k  k 

C  C  U  T  c  U  .  Then  Cc  u(T  f]  A)  c  U  0  A  and  that  completes  the 
.  n  ,  v  n  '  r 

n=l  n=l 

the  proof. 

Corollary  4.2.2  .  A  locally  compact  -space  is  metrizable. 

1  0*  '  1 

Proof .  Let  X  be  a  locally  compact  .K^-space.  Let  x  e  X  and  let  C 

be  a  compact  neighborhood  of  x  .  Then  C  is  a  compact  -space  by 

4.2.1  and  by  2.2,  C  is  an  K^-space.  By  [5,  C]  ,  C  is  a  separable 
metrizable  subspace  of  X  .  Thus  X  is  locally  metrizable.  Now  4.1.4 
shows  that  X  is  paracompact  (since  each  locally  compact  Hausdorff  space 
is  an  r-space)  and  hence,  X  is  metrizable  by  the  aforementioned  theorem 
of  Smirnov. 

Theorem  4.2.3  .  An  -space  X  is  metrizable  iff  it  is  first  countable. 
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Proof.  The  necessity  of  the  condition  is  immediate.  By  the  Na gat a -Smirnov 

metrization  theorem,  it  is  sufficient  to  show  that  a  first  countable  H  -space 

O' 

has  a  cr-locally  finite  base. 


Let  P  =  U(Pn  *  n  €  be  a  cr-locally  finite  closed  generator 

for  X  .  For  each  m  e  N  ,  let  P  ’  =  llf53  !n<m)  and  for  each 

x  e  X  and  each  n  €  N  ,  let  W  (x)  =  X  -  U{T  c  p  '  :  x  ^  T]  .  Then 

n  n 

Wn(x)  is  an  open  neighborhood  of  x  for  each  x  e  X  and  each  n  €  N 
by  the  closure  preserving  property  of  (which  is  clearly  a  locally 

finite  class,  being  a  finite  union  of  locally  finite  classes).  Let 
(Un(x)  s  n  e  N)  be  a  countable  open  base  at  x  for  each  x  e  X  .  Finally, 

<V 

for  each  x  e  X  and  each  n  €  N  ,  let  U  (x)  =  W  (x)  f|  U  (x)  .  Then 

(Un(x)  :  n  €  N]  is  a  countable  open  base  at  x  for  each  x  e  X  and 

Un(x)  meets  only  those  members  of  which  contain  x  in  view  of  the 

definition  of  W  (x)  . 

nv  ' 


By  4.1.4,  X  is  paracompact.  Then  for  each  n  €  N  ,  let  Yr 
be  a  locally  finite  open  refinement  of  "U^  =  {Un(x)  :  x  e  X)  .  Now  for 
each  pair  (n,m)  e  N  X  N  ,  each  V  e  Yn  ,  and  each  x  e  V  ,  let 
V(x,n,m)  =  [St(x,  P^,um(x) ]°  0  V  .  Since  each  V  e  Yn  is  contained  in 
some  Ur(x)  ,  each  V  e  YR  meets  only  finitely  many  T  e  P^  .  Then 
for  n  and  m  fixed,  there  are  only  finitely  many  V(x,n,m),s  for  each 
V  £  Yn  since  if  x  e  V  ,  then  V  meets  every  T  €  p^  containing  x  . 


n 


Thus  Yn  m  =  (V(x,n,m)  :  V  £  is  a  locally  finite  open  class  for  each 

pair  (n,m)  e  N  x  N  .  We  shall  now  show  that  Y=  u{V  l  (n,m)  £  N  X  N] 

n  y  m 


is  a  base  for  X  . 


' 

. 

«• 
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Let  U  be  an  open  set  containing  x  .  Let  m  €  N  be  such 

that  Um(x)  c  U  .  By  Lemma  4.1.3#  let  n  €  N  be  such  that 

x  e  [St(x,  CJ’.U  (x)]°  .  Since  *Y*  refines  "U  ,  x  e  V  for  some 

V  €  V  and  hence  x  e  V(?,n,m)  e  *Y  for  this  V  .  Since 

n  7  7  n,m 

—  f\j 

St(x,)J^,Um(x];)c  Um(x)  ,  V(x,n,m)  CU  and  that  completes  the  proof. 

4.3  Examples 

Example  4,3.1  •  An  M  -space  which  is  not  normal  (and  therefore ,  not 
paracompact ) . 

For  each  n  e  N  ,  let  =  {(x,y)  l  x  €  R,  y  c  R,  and 
n-1  <  y  <  n)  ,  where  R  denotes  the  real  numbers.  Let  =»  {(x,0)  s 
x  e  R)  .  Let  X  =  U{Xn  :  n  >  0)  and  let  each  X^  (n  >  0)  have  the 
usual  topology.  Define  neighborhoods  of  points  (x,0)  €  Xq  as  follows; 
For  each  n  >  0  ,  let  Cn(x)  be  an  open  disk  in  X^  ,  centered  at 
(x,y)  for  some  y  e  (n-l,n)  ,  and  tangent  to  y  =  n-1  .  (That  is,  the 
closure  of  Cn(x)  in  the  usual  upper  half-plane  is  to  be  tangent  to 
y  =  n-1  .)  Let  a  basis  for  neighorhoods  of  (x,0)  be  those  sets  which 
are  unions  of  all  but  finitely  many  Cn(x)'s  and  {(x,0)}  . 

It  is  easy  to  verify  that  X  with  the  topology  so  defined 

is  a  regular,  space.  If  (Pr  is  a  countable  pseudobase  for 

X  ,  n  >  0  ,  (each  such  Xn  is  a  separable  metric  space  and  therefore, 

an  jX*  -space)  and  if  °  =  {((x,0)}  *  x  e  R)  ,  then  ^3  =  U{(Pn  i  n  e  N) 

U  is  a  cr-locally  finite  generator  for  X  .  CJ  is  cr-locally  finite 

'  o 


■ 

'  r' 

. 


.1 


'  • 

...  .  .. 

: 
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because  each  point  p  e  X  has  a  neighborhood  which  meets,  at  most,  one 
member  of  and  each  (P  is  countable,  Now  observe  that  for  m  >  0  , 

is  both  open  and  closed  in  X  since  each  point  p  e  X^  has  a 
neighborhood  which  does  not  meet  X^  ,  Furthermore,  a  compact  C  cc  X 
can  contain,  at  most,  finitely  many  points  p  e  X^  ,  (The  restriction 
of  the  topology  of  X  to  Xq  yeilds  the  discrete  topology  on  X  , ) 

Then  if  C  is  compact  in  X  ,  C  (7  X  =  p  for  all  but  finitely  many 
n  ,  The  assertion  that  is  a  generator  for  X  now  follows 

immediately , 

We  shall  now  show  that  X  is  not  normal  by  appealling  to  the 
following  result  of  F,  B,  Jones  [2,  p„  1U4,  Example  3]?  If  a  space  X 
contains  a  dense  set  D  and  a  closed  discrete  subspace  S  such  that 

| S  j  >  2^  ,  then  X  is  not  normal,  (Here  we  use  jAj  to  denote  the 
cardinal  number  of  a  set  A  ,) 

Since  X  is  a  closed  discrete  subspace  of  X  in  our  example 
o 

and  since  D  =  {(x,y)  e  X  l  x  and  y  rational}  is  dense  in  X  ,  it 
follows  from  Jones'  result  that  X  is  not  normal. 

Example  1|,3q2  °  A  first  countable ,  regular,  Llndelof  s pace  wh  1  ch  is  not  an 

IVsgaee. 

Let  X  be  the  upper  half-plane  and  let  Ac  X  be  the  x=axis , 
Let  p  be  the  usual  metric  on  X  and  let  neighborhoods  of  points  in 

X-A  be  the  usual  ones,  A  base  at  a  point  p  e  A  consists  of  all  sets 

1  1 

[N(p,  — )  °  n  e  N}  ,  where  N(p,  — )  consists  of  p  together  with  all 

n  n 
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points  q  such  that  p(p,q)  <  7  and  such  that  q  lies  beneath  the  union 

o 

of  the  two  rays  in  X  which  emanate  from  p  and  have  slopes  —  and  -  —  # 

O.  O 

respectively o  The  space  X  is  called  the  “butterfly  space"  „ 

tie 

It  is  easy  to  check  that  X  is  a  regular,  Hausdorff,  Lindelof 
space  which  is  first  countable.  X-A  and  A  retain  their  usual  topologies 
and  hence  are  separable  metrizable.  Since  X  is  separable  but  does  not 
have  a  countable  base  (any  base  must  contain  neighborhoods  of  each  p  e  A  ) > 
X  is  not  metrizable.  Then  by  4.2.3?  X  is  not  an  j^-space. 
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CHAPTER  5 

Products  of  .K_-Spaees 

Let  XI  be  a  class  of  subsets  of  a  space  X  ,  (P  is  a 
K  -pseudobase  for  X  if,  whenever  C  c:  U  ,  with  C  compact  and 
U  e  11  ,  there  is  a  P  e  (P  such  that  C  c  P  c  U  .  A  li  -generator  for 
X  is  a  class  of  subsets  of  X  whose  finite  unions  form  a  *li  -pseudobase 
for  X  . 


Lemma  5 . 1  .  Let  X  be  a  Hausdorf  f  space  and  let  j$  be.  a  sub-base  for 
X  .  Then  X  has  a  cr-locally  finite  generator  iff  it  has  a  cr-locally  finite 
jS  -generator . 


Proof .  If  is  a  generator  for  X  ,  then  is  also  an  so  -generator 
for  X  ,  so  that  the  necessity  of  the  condition  is  immediate. 


Now  suppose  that  =  U{pn  ,  n  e  N}  is  a  cr-locally  finite 

$  -generator  for  X  ,  Let  ^7  be  the  class  of  all  finite  intersections 

of  members  of  ^7  ,  Let  M  be  the  class  of  all  finite  subsets  of  N  , 

For  each  s  e  M  ,  let  be  the  class  of  all  finite  intersections  of 

’  ~s 

members  of  U{^3n  l  n  €  s}  .  Then  if  x  e  X  and  V^(x)  is  a  neighbor¬ 
hood  of  x  which  meets  only  finitely  many  T  e  3n  ,  W(x)  =  fl(V  (x)  ;  n  e  s] 

is  a  neighborhood  of  x  which  meets  only  finitely  many  T  e  ZJ  ,  Thus 

'  s 

A- 

P-u{3.  :  S  e  M}  is  cr-locally  finite.  We  shall  show  that  is  a 


generator  for  X  . 
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First  suppose  that  C  c  U  e  (3  ,  where  C  is  compact  and  (3 

is  a  base  for  X  consisting  of  all  finite  intersections  of  members  of 


n 


Then  U  =  (1  {S,  §  S,  e  $  }  and  for  each  i  =  l,2,00»,n  ;  there  is  a 

1.  1 


i=l 

finite  union  P 

n 


=  U  T  .  of  members  of 
i  ,  ,  i 

J  =  1  a,i 


such  that  C  c  P„  c  S„ 

i  i 


Then  C  c  (j  P^  c  U  „  If  R_^  =  {a^o.., 

i=l  ‘i 

n  r,* 

and  A  =  R.  X  R„  X  „  „  .  X  R 
12  n 


JL 

a  }  for  each  i  =  1,2, 


n 


then  fl  U  T  . 
1=1  j=l  a. 


u  \  (  n  t  .  ) 
l  V  i=i  a  /a 

J 


a  e  A 


Then  since  A  is  finite,  forms  a  $3  -generator  for  X 


If  U  is  an  arbitrary  open  set,  let  {IK  °  i  -  l,2,<,0„,n)  be 
a  finite  subclass  of  43  such  that  C  c:  U  B0  c  U  ,  Since  C  is  norma! 

•  i  1 

i=l 


there  are  closed  subsets  C.  c  B.  ,  i  =  l,2,0t,0,n  ;  such  that 


n 


i=d 


[9,  p„  152,  6,1]  0  According  to  the  previous  paragraph,  there  is  a  finite 

union  K.  of  members  of  h]  such  that  C  „  cr  K.  c:  B„  l  i  =  l,29000sn  0  Then 
1  '  1  1  1  »  ?  * 


K 


n 

U  IK  is  a  finite  union  of  members  of  and  C  c  K  c  U  ,  which 


i=l 

completes  the  proof „ 


The  following  result  on  countable  products  shows  that  the  situation 
is  the  same  as  for  -spaces. 


Theorem  .2  „  A  countable  product  of  - 


is  an  5\_ ,-s pace 


Proof ,  Let  {X  °  n  e  N}  be  a  sequence  of  l^^-spaces  and  for  each 

n  e  N  ,  let  =  Uf  U  °  m  e  N]  be  a  cr-loeally  finite  generator 

*  ~n  r  n »  m  J 


for  X 


n 


Let 


n,m 


{jc 


n 


where  %  is  the  projection  from  X 
n 


T  €  J  ]  for  each  pair  (n,m’;1  e  N  X  N 
rn,mJ 

th 


00 

jt  X  onto  the  n 
•1  n 

n=l 


coordinate 


9  ^ 
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space  .  Then  <R  =  u(fl  ;  (n,m)  c  N  x  N]  is  a  cr-locally  finite 

-generator  for  X  ,  where  is  the  sub-base  for  X  consisting  of  all 


■generator  for  X  ,  where 

■1  / 


sets  jt 


n 


)  ,  with  U  open  in  X  and  n  €  N 
n'  ’  n  n 


It  is  easy  to  see  that  (R  is  locally  finite.  For  if  x 


th 


n,m 


n 


is  the  n  coordinate  of  x  e  X  and  U(x^)  is  a  neighborhood  of  x^ 
which  meets  only  finitely  many  T  €  r  m  ,  then  (U(xn))  is  a 
neighborhood  of  x  which  meets  only  finitely  many  members  of  (R 


n,m 


-1 


Now  if  C  c  jt  (U  )  ,  with  C  compact  in  X  and  U  open 
n  n  n. 


in  X  ,  then  jt  (C)  c  U  and  jt  (C)  is  compact  in  X  .  Thus  there 
n  7  n^  '  n  n%  n 

r  „  r 

is  a  finite  union  U  T,  of  members  of  such  that  jt  (C)  c  LJ  T  c  U 

k«  k  n  n  .  -  k 

=1  k=l 

Then  C  c  (  U  T,  )  =  U  jt~*(T.  )  c  jc~^(U  )  so  that  (R  is  indeed  an 

n  V  k.1  k  /  k=!  n  k  n  n 

$  -generator  for  X  .  Now  a  product  of  regular,  T^  spaces  is  a  regular, 

T^  space  and  hence,  by  Lemma  5,1,  X  is  an  K^-space, 


■ 

■ 
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CHAPTER  6 

Mappings  of  j^^-Spaces 
6.1  Perfect  Mappings 

By  a  mapping  f  s  X  -»  Y  ,  we  mean  that  f  is  a  continuous 
function  from  X  into  Y  .  A  mapping  f  :  X  ->  -» Y  is  called  compact 
if  f  ^(y)  is  compact  for  each  y  e  Y  and  f  is  said  to  be  perfect  if 
it  is  compact  and  closed  (maps  closed  subsets  of  X  onto  closed  subsets 
of  Y  )  . 

If  R  is  an  equivalence  relation  In  X  X  X  and  R[x]  is  the 
equivalence  class  of  x  for  each  x  €  X  ,  we  call  JD  =  {R[x]  °  x  e  X} 

the  decomposition  of  X  induced  by  R  „  Clearly,  if  f  l  X  -> Y  is  a 

function,  then  R(f)  =  {(x,y)  *  f(x)  =  f(y)}  is  an  equivalence  relation 
in  X  x  X  and  the  decomposition  of  X  induced  by  R(f)  is  [f  \y)  l 

y  e  f(X)}  o 

A  decomposition  JB  of  a  space  X  is  said  to  be  upper  semi- 
continuous  if,  whenever  a  member  d  e  £)  is  continued  in  an  open  set  U  , 

there  is  an  open  set  V  c  U  such  that  d  c  V  and  ¥  is  the  union  of 

members  of  c£)  . 


Theorem  6.1,1  .  The  image ,  under  a  perfect  mapping,  of  an  j^-space  is 


an  J^-spaee . 
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Proof,  Let  X  be  an  fS  r-space  with  (J-locally  finite  generator 
P  =  U(Pn  :  n  c  N}  and  let  f  :  X  -*  -*  Y  be  a  perfect  mapping. 


First,  Y  is  since  f  is  closed  and  Y  is  regular 

since  f  is  perfect  [2,  p.  235,  5«2  (2)]  . 

We  shall  now  show  that  =  (f (t)  :Te1  )  is  locally 

finite  in  Y  for  each  n  €  N  and  that  J  =  m3  :  n  e  N]  is  a 

r  1  m  J 

generator  for  Y  . 

Let  y  e  Y  and  let  V  be  a  neighborhood  of  f  ^(y)  which 
meets  only  finitely  many  T  e  Pn  .  (There  is  such  a  V  since  f  (y) 
is  compact.)  Since  <JD  =  (f’]  (y)  •  y  €  Y]  is  upper  semi-continuous 
[10,  Theorem  5],  there  is  an  open  W  which  is  the  union  of  members  of 

JD  such  that  f  *(y)  c  W  c  V  .  f(W)  is  an  open  neighborhood  of  y 

-1  /  \ 

since  W  =  f  f(W)  and  Y  has  the  quotient  topology  induced  by  f 
[3 ,  p.  95,  Theorem  8],  Suppose  that  f(w)  meets  f(T)  for  some 
T  e  pf  •  Then  W  f|  f‘1f(T)  jt  $  .  If  x  e  W  fl  f"1f(T)  ,  then  there 

is  an  x'  e  T  such  that  f(x)  =  f(x')  .  But  in  view  of  the  definition 

of  W  ,  if  x  e  W  ,  then  [x*  :  f(x)  =  f(x'))  c  W  .  Hence  W  (and 
therefore,  V  )  must  meet  T  .  Then  f(W)  meets  f(T)  e  pf"  only  if 
V  meets  T  e  Pn  ,  Thus  is  locally  finite  in  Y  for  each  n  e  N 


Now  if  C  c  Y  is  compact,  so  also  is  f  ’*’(C)  in  X  [2,  p.  256, 
5.3  (2)]  .  Then  if  C  c  U  ,  with  C  compact  and  U  open  in  Y  , 
f  ^(C)  c  f  ^(U)  and  therefore,  there  is  a  finite  union  P  of  members 
of  P  such  that  f‘1(C)  c  P  c  f-1(u)  .  Thus  C  c  f(P)  c  U  and  clearly, 


.  I  >  ■  ■ 

' 
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f(P) 


is  a  finite  union  of  members  o 


If  A  is  a  subset  of  a  space  X  ,  then  a  point  x  e  X  is 
called  a  boundary  point  of  A  if  every  neighborhood  of  x  meets  both  A 
and  X-A  .  The  boundary  of  A  ,  denoted  by  &A  ,  is  the  set  of  all 
boundary  points  of  A  . 


A  mapping  f  is  said  to  be  peripherally  compact  or  simply, 
^-compact  if  df  ^(y)  is  compact  for  each  y  in  the  range  of  f  . 

A.H.  Stone  has  shown  [9]  that  if  X  is  a  metric  space  and  f  t  X  -> ->  Y 
is  a  closed  mapping,  then  Y  is  metrizable  iff  f  is  ^-compact.  Hence 
the  requirement  in  6.1.1  that  f  be  compact  may  be  weakened  if  X  is 
a  metric  space.  Example  6.J.1  shows  that,  unlike  - spaces,  an 
arbitrary  closed  mapping  of  an  J^-space  may  fail  to  have  an  .K^-space 
for  its  range. 


6.2  Adjunction  Spaces 

If  [X^  :  a  e  A)  is  a  family  of  spaces  and  for  each  a  e  A  , 

X'  =  {a)  x  X  ,  then  the  family  {X*  l  a  e  A}  is  pairwise  disjoint. 

3  d  3 

Clearly,  X  and  X’  are  homeomorphic  for  each  a  e  A  .  The  disjoint 

3  3 

(free)  union  X  of  the  family  {X  :  a  e  A]  is  the  set  U [X *  :  a  e  A) 

3  3 

with  the  weak  topology  determined  by  the  spaces  X'  ;  that  is,  U  is 
open  in  X  iff  U  f)  X'  is  open  in  X'  for  each  a  e  A  „  X  is  written 

3  3 

as  s[x  »  :  a  e  A)  . 


Now  let  X  and  Y  be  disjoint  spaces,  A  a  closed  subset  of 


. 


.  ■  I  :  .•••.  \  •  i :  c.r 

■ 

■ 


■ 
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X  ,  and  f  .:  A  — >  Y  continuous .  The  adjunction  space  X  Y  is  the 
quotient  space  of  X  +  Y  obtained  by  identifying  each  a  e  A  with  f(a)  . 

We  now  proceed  to  prove  for  -spaces  a  version  of  property  H 
of  i^-spaces.  (if  X  and  Y  are  -spaces,  then  so  is  any  adjunction 
space  X  Uj  Y  .)  As  was  the  case  for  closed  mappings  of  3^,-spaces,  the 
form  of  the  statement  must  be  weakened  as  Example  6.5.1  shows  [2,  p.  128, 
Example  1],  We  shall  need  the  following  lemmas. 


Lemma 


6.2.1  .  If  fX  l  a  e  A]  is  a  family  of  ^-.-spaces,  then  so  is 

- "  "  3  "  cr  1  ■ 


X  *  £{Xa'  8  a  e  A}. 


Proof.  For  each  a  e  A  ,  let  =  UfC3.  S  n  e  N]  be  a  cr-locally 

'  cl  n  y  Si 

finite  generator  for  X^  =  [a]  x  Xq  .  If  for  each  n  e  N  ,  X  -  ^,3  ! 

a  e  A}  ,  then  clearly,  s  locally  finite  in  X  ,  Thus  ?  -  •' 

n  e  N)  is  a  cr-locally  finite  generator  for  X  ,  (Note  that  a  compact 

subset  of  X  can  have  a  non-empty  intersection  with,  at  most,  finitely 

many  X''s  .)  The  regular,  T-  character  of  X  is  also  immediate, 

a  l 

Now  let  X  Y  be  an  adjunction  space  and  let  p  l  X  +  Y  -»  -* 

X  Y  be  the  projection.  It  is  easy  to  verify  that  for  C  c  X  +Y  , 

p“1p(c)  =  C  u  f(C  n  a)  u  f“1f(C  n  A)  u  t(C  n  Y)  ,  where  f  J  A  -*  Y 

-1 

is  continuous  and  A  c  X  is  closed.  Then  p  p(c)  D  Y  s  (C  D  Y)  U  f(C  D  A) 

(C  fl  X)  U  f  ^(p  ^p(C)  0  Y)  .  Now  if  C  D  X  is  closed, 

then  p  Ap(C)  is  closed  in  X  +  Y  iff  (C  fl  Y)  U  f(C  fl  A)  is  closed  in 

Y  .  We  have  then,  the  following  lemma  which  can  be  found  in  [2,  p.  128, 

6.2] , 


and  p  ^p(c)  fl  X  =  ” N  "  ^  ^ 
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Lemma  6.2.2  .  Let  X  Y  be_  an  adjunction  space  and  let  p  °  X  +  Y  -> 

-*  X  Uj  Y  b£  the  projection .  If  C  c  X  +  Y  is_  such  that  C  (1  X  is_  closed 

then  p(c)  is.  closed  iff  (C  fl  Y)  U  f(C  0  A)  is  closed. 


Now  if  A  c;  X  is  compact  and  Y  is  Hausdorff,  then  for  a 
closed  F  c  X  +  Y  ,  p(F)  is  closed  since  F  fl  Y  and  f(F  fj  A)  are  both 
closed.  Furthermore,  for  each  z  e  X  Y  ,  p'^z)  is  compact  since 

f  ^f(a)  is  compact  (closed  in  A  )  for  each  a  e  A  and  both  p  |Y  and 
p |X-A  are  homeomorphisms  [2,  p.  128,  6. 3].  Thus  if  X  and  Y  are 
.H^-spaces ,  A  c  X  is  compact,  and  f  ;  A  -» Y  is  continuous,  then 
X  Y  is  an  J^-space  since  the  projection  p  ;  X  +  Y  X  Y  is 

a  perfect  mapping.  We  have  then,  the  following  weaker  form  of  H  . 


Corollary  6.2.3  •  Lf  X  and  Y  are  -spaces ,  then  so  is  any  adjunction 

space  X  Uj  Y  ijn  which  the  domain  of  the  attaching  map  f  is_  compact . 


Corollary  6.2.4  .  If  Y  is  a  space  covered  by  a  locally  finite  closed 


family  [X^  :  a  e  A}  ojf  j^-spaces ,  then  Y  is  an  -s 


;pace 


Proof.  Let  X  =  £{XJ^  ;  a  e  A}  .  Then  X  is  an  -space  by  Lemma  6.2.1 
We  claim  that  the  projection  p  ;  X  -»  -* Y  is  a  perfect  mapping.  First, 
p  is  closed  since  for  any  F  c  X  ,  p(F)  =  U(p(^  81  X^)  l  a  e  A]  where 
X'  =  (a)  x  X  .  If  F*  is  the  homeomorphic  image  of  F  fl  X"  in  X 
for  each  a  e  A  ,  then  p(F  fl  X")  =  F'  .  Now  if  F  is  closed  in  X  , 

3  3 

F'  is  closed  in  X  for  each  a  e  A  and  thus  U{F“  :  a  c  A]  =  p(F) 

3  3  3 

is  closed  in  Y  since  (Xq  l  a  e  A]  is  a  closed  locally  finite  family. 
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Now  the  locally  finite  character  of  {X  :  a  e  A)  also  insures 

cl 

that  for  each  y  £  Y  ,  p  ^(y)  is  finite  and  therefore,  compact „  The 
corollary  now  follows  from  Theorem  6.1.1  . 

6 . 3  Examples 

Example  6. 3.1  •  Let  I  bje  the  closed  unit  interval  and  let  A  be  an 

uncountable  set  with  the  discrete  topology .  Then  X  =  A  X  I  is  a 

metrizable  space  and  uence ,  is  an  -space .  If  Y  is  the  quotient 
space  of  X  obtained  by  identifying  the  points  of  the  set  {(a,0)  a  e  A]  , 

then  Y  is_  not  an  K  -space  but  the  projection  p  ;  X  -»  -*  Y  is.  closed . 

Proof.  In  order  to  see  that  Y  is  not  an  -space,  let  us  proceed  as 

follows:  Say  that  a  point  x  in  a  space  X  is  accessible  by  a  path  P 
in  X  (a  path  in  X  is  continuous  image  of  1°  )  if  there  is  a  sequence 

s  =  [x^  :  n  e  N)  in  P  -  {x)  such  that  s  -»  x  .  Then  if  X  is  a  Tn 

space  containing  a  point  x  which  is  accessible  by  an  uncountable,  pair¬ 
wise  disjoint  family  of  paths  {Pg  :  a  e  A)  such  that  xg  6  Pg  -  {x} 
implies  that  {xq  :  a  e  A]  is  locally  finite,  then  X  is  not  an 
-space , 

Suppose  that  X  is  an  ^  -space  with  cr-loeally  finite  closed 

0" 

generator  •  Let  (x)  =  {Te^/:xeT}.  Then  p(x)  is 
countable.  Choose  a  relation  <  which  well-orders  A  .  For  each 
a  €  A  ,  let  s(a)  =  (xn(a)  l  n  e  N]  be  a  sequence  in  P^  -  {xj  such 
that  s(a)  -»  x  .  Let  a^ 


be  the  <  first  member  of  A  . 


As  in  the  proof 


■ 
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of  Lemma  4.3°1,  there  is  a  T  €  J(x)  and  a  point  x(a  )  e  s(a  )  fl  T 

^  1  '  JL  1  3^ 

Then  X  -  {x(a^)j  is  open.  Let  a^  e  A  be  the  <  first  element  of  A 
such  that  &2'>al  0  Again  as  in  the  proof  of  4.3° 1;  we  can  pick 


Ta2  e  P(x)  and  x(a  )  €  s(a2)  f|  Ta  ,  where  c  X  -  (x(a^)}  .  For 


a  e  A  ,  suppose  that  x 


2  2 
has  been  chosen  in  s 


(1  T,  and 
b 


T,  c  X  -  U  {x(c)}  ,  where  T,  e  ^J(x)  for  each  b  <  a  .  Then,  by  the 


c<  b 

proof  of  4.3.1,  there  is  some  T  e  4J (x)  such  that  T  c  X  -  U  {x(b)} 

a  r  a  . 

b  <  a 

and  s(a)  f)  T  4  0.  Evidently,  the  T  '  s  thus  chosen  are  all  distinct, 

cl  cl 

which  contradicts  the  countability  of  ^T(x)  .  Thus  X  is  not  an 
-space. 


Now  we  see  easily  that  the  space  Y  of  our  example  is  a  T^ 

space  containing  a  "point"  {(a,0)  »  a  €  A]  which  is  accessible  by 

I  ={a)x(l-  {0,1})  for  each  a  e  A  and  for  which  x  el  implies 
a  a  a 

that  {x&  *  a  e  A}  is  locally  finite. 

The  preceding  example  also  shows  that  a  regular,  T^  quotient 
space  of  a  metric  space  need  not  be  an  }^.-space. 


Example  6. 3°2  .  A  paracompact  j^-space  which  is  neither  an  -space 
nor  an  r-space . 

Let  A  be  an  uncountable  set  with  the  discrete  topology  and  let 
X  be  the  quotient  space  of  the  real  numbers  R  obtained  by  identifying 
the  integers  Z  .  Then  X  is  an  .ft1  -space  (hence  paracompact  and 
perfectly  normal)  since  the  projection  p  "  R  -»  -*  X  is  closed. 


' 

' 
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X  is  not  an  r-space.  Let  us  denote  the  point  of  X  which  is 

.  00 

the  image  under  p  of  the  integers  by  z  .  If  {U^z)}^  \  is  anX 

sequence  of  neighborhoods  of  z  ,  then  each  Un(z)  contains  a  neighbor¬ 
hood  Vn(m)  (in  R  )  of  each  integer  m  .  Clearly,  the  family  (Vn(m)  t 
m  is  an  integer)  can  be  taken  to  be  pairwise  disjoint  for  each  n  e  N  . 

Then  if  one  chooses  x^  e  vn(n)  -  {n}  }  it  is  apparent  that  F  =  (x^x^,..) 

does  not  have  compact  closure  in  X  .  For  W(z)  =  U  (V  (n)  -  {x  })  U 

n>  o 

U  V  (m)  is  a  neighborhood  of  z  in  X  which  does  not  meet  F  .  Hence 
m<  o 

F  is  closed  in  X  and  (Vn(n)  -  (n))  is  an  open  cover  of  F  in  X 

which  has  no  finite  subcover. 

Let  X’  =  A  x  X  .  Then  X*  is  an  i^.-space  by  6.2.4  since 

the  family  {{a}  x  X  :  a  e  A)  is  locally  finite  and  closed.  X®  is 

paracompact  [4,  p.  837>  Prop.  and  is  clearly  neither  an  ^  -space 

o 

nor  an  r-space. 

At  the  end  of  Chapter  7  we  present  an  example  of  a  regular, 

T^  space  which  is  not  an  -space  but  which  is  a  continuous  open 
image  of  an  j^-space. 


. 

aamiipti 


. 


. 
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CHAPTER  7 

k-Spaces 

7 . 1  k-Spaces 

A  Hausdorff  space  X  is  called  a  k-space  if  it  has  the  weak 
topology  determined  by  the  family  of  its  compact  subsets.  That  is,  U 
is  open  in  X  iff  U  f)  C  is  open  in  C  for  each  compact  C  c  X  . 

If  (X,t)  is  a  Hausdorff  space,  the  k-extension  of  r  is  the 

family  of  all  subsets  U  c  X  such  that  U  (1  C  is  open  in  C  for 

each  compact  C  c  X  .  (X,t^)  is  denoted  by  k(X)  ,  It  is  well  known 

[3,  P.  241,  K]  that  t  and  yeild  the  same  compact  subsets  of  X  . 

In  this  chapter  we  prove  that  k(X)  is  an  K^-space  if  X  is 
an  .H^-space,  Actually,  as  for  H1  - spaces,  a  stronger  statement  is  true. 
We  shall  need  the  following  lemmas,  one  of  which  (lemma  7°1°2)  is 
Lemma  8,1  of  [ 5] . 

Lemma  7,1,1  „  lf_  T^  and  T^  are  two  Hausdorff  topologies  for  a  set 

X  yeilding  the  same  compact  subsets ,  then  for  each  compact  C  c  X  , 

U  e  Tg  (T^)  implies  that  U  (1  C  i£  T^  (T^ ) -relatively  open  in  C  . 

Proof.  Let  U  e  T^  and  let  C  be  compact  in  X  ,  Then  U  f)  C  is 

T^ -relatively  open  in  C  and  therefore,  G~U  is  T^-relatively  closed 


■ 

. 


■  •  .  ’  '  - 

;  -  •"  ;; : 

. 

i  ..  b  e»  ■- 
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in  C  .  C-U  is  then  compact  and  thus  C-U  is  compact.  Then 

C-U  is  T^-relatively  closed  in  C  so  that  U  R  C  is  T^-relatively 
open  in  C  .  We  can  now  interchange  and  throughout  the  preceding 

argument  and  that  completes  the  proof. 

Lemma  7 ♦  1  »2  .  _If  C  is_  a  compact  subset  of  a  space  X  and  if 

S  =  {x^  °.  n  e  N]  ijs  a  sequence  such  that  S  iis  eventually  in  each 

neighborhood  of  C  ,  then  K  =  C  U  S  ^Ls  compact . 

Proof.  Let  U  be  an  open  cover  of  K  and  let  V  *  UflL  :  i  <  n  ,  e  U  }  , 

where  C  c  V  .  Then  all  but  finitely  many  x^’s  are  in  V  ,  Thus  K 
can  be  covered  by  finitely  many  members  of  11  and  that  completes  the 
proof. 

Theorem  7,1,3  ,  If.  T^  and  T^  are  two  Hausdorff  topologies  for  a  set 
X  yellding  the  same  compact  subsets ,  then  (X,T^)  has  a  q-locally  finite 
generator  iff  (X,Tg)  does. 

Proof.  Suppose  that  (X^T^)  has  a  cr-locally  finite  generator 

P  =  u(Pn'  n  €  N)  ♦  Let  C  c  U  e  T2  ,  where  C  is  compact.  Let 

p(C)  =  {T^  :  n  €  N}  be  an  enumeration  of  those  members  of  P  which 

meet  C  ,  and  let  fR  :  m  €  N)  be  the  class  of  all  finite  unions  of 

members  of  P  (C)  such  that  C  c  R  for  each  m  e  N  ,  For  each 

k 

k  e  N  ,  let  =  f|  Rm  •  Then  for  some  k  €  N  ,  C  c  R£  c  U  .  Suppose 

m=l 

not.  Then  for  each  k  e  N  ,  pick  x^  e  R^  -  U  .  If  V  is  any  T^-open 


' 

n  •? 


,  •  tk  a  .< 
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neighborhood  of  C  ,  then  the  R^'s  are  eventually  subsets  of  V 
since  ^  is  a  generator  for  (X,^)  .  By  Lemma  7.1.2  ,  K  =  C  U {x^x^,.. 
is  compact.  By  Lemma  7«1.1  >  U  f)  K  =  C  is  T^-relatively  open  in  K  . 
Then  B  =  {x^x^,...}  is  T^-closed  in  K  and  hence,  B  is  compact. 
Since  C  f"|  B  =  p  and  since  B  is  T^-closed,  there  is  a  neighborhood 
W  of  C  such  that  W  0  B  =  p  .  But  this  is  a  contradiction,  and  thus 
C  c  c  U  for  some  k  e  N  . 

-V 

Now  if  is  the  class  of  all  finite  intersections  of  members 

A 

of  ,  then  is  a  cr-locally  finite  generator  for  (XjT^)  .  For  we 

have  shown  in  the  proof  of  Lemma  5  •  1  that  is  cr-locally  finite  and 
that  Rj'  can  be  expressed  as  a  finite  union  of  members  of  . 

Corollary  7  >  1 « 4  ,  A  Hausdorff  space  X  has  a  cr-locally  finite  generator 
iff  k(X)  does . 

Consequently,  k(x)  i£  an  .H*  - space  whenever  X  is  an 

-space . 

7.2  Examples 

In  [5,  Example  12,5]#  Michael  presents  an  example  of  an 
}^.-space  which  is  not  a  k-space.  We  shall  reproduce  this  and  another 
example  of  Michael's  in  order  to  show  that  there  is  a  regular,  , 
non- space  which  is  a  continuous  open  image  of  an  KQ-space. 


t  *©  «ifidiD»ai  Jo  noinu  *tan  *  n»  *#•«•***•  ®d  n»o  3»/f3 

■ 


-  33  - 


Example  7*2.1  .  Let  (3(x)  be  the  Stone  -Cech  compactlfication  of  a 
Tychonof f  space  X  ,  Let  p  e  £(N)-N  and  let  P  =  N  U  {p}  »  Then  every 
compact  subset  of  P  is  finite ,  £0  P  ij^  an  space  but  not  a_  k-space  „ 

Proof.  If  C  c  P  were  compact  and  infinite,  then  C  =  (C  f|  N)  ,  so 
C  would  be  the  closure  of  C  f|  N  in  (3(n)  .  Hence  C  would  be 
homeomorphic  to  P(C  (1  N)  and  thus  to  0(n)  which  is  impossible  since 
C  is  countable  and  P(N)  is  not. 

Now  the  finite  subsets  of  P  form  a  pseudobase  for  P  ,  and 
thus  P  is  an  space.  If  P  were  a  k-space,  then  (p)  would  have 
to  be  open  which  it  is  not,  and  that  completes  the  proof. 

Example  7.2.2  .  A  regular ,  ,  non- -space  which  i_s  a  continuous 

open  image  of  an  ^  - space . 

The  space  X  of  Example  4,3*2  is  such  a  space.  Since  this 

X  is  not  an  .H*  -space,  it  suffices  to  define  an  open  mapping  f  from 

an  -space  X'  onto  X  . 

According  to  Example  4.3*2  ,  X  has  a  closed  subspace  A 
such  that  A  and  X-A  are  both  separable  metrizable.  Let  P  =  N  U  {p} 

be  the  space  of  Example  7*2.1  ,  with  N  dense  in  P  ,  such  that  all 
compact  subsets  of  P  are  finite.  Define  X'  c  X  X  P  by 
X”  =  ((X-A)  X  N)  u  (a  X  (p))  .  Let  p  :  X  X  P  X  be  the  projection 
and  let  f  =  p  |X '  .  Since  f  is  continuous,  we  need  only  show  that  f 
is  open  and  that  X'  is  an  -space. 
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Let  U  be  open  in  X'  .  Then  U  =  V  f|  X  ,  where  V  is  open 
in  X  X  P  .  Now  f  maps  f  "'’(A)  =  A  X  {p)  home omorphic ally  onto  A  . 


Hence  f(u)  H  A 

is  relatively  open 

in 

A  .  Then  B  = 

:  A  -  (f(u)  n  A)  is 

closed  and  hence 

P_1(B) 

is  closed 

in 

X  X  P  . 

Now 

p“1(b)  n  u  =  p  so 

that  if  W  =  V  - 

then  W 

is 

open  in 

X  X  p 

and  W  fl  X'  =  U  . 

Now  if  y  e  X  , 

then  p 

^(y)  meets 

W 

iff  it 

meets 

U  .  For  if  y  €  A 

this  follows  from  the  definition  of 

w 

.  If  y 

e  X-A 

,  then  X'  fj  p’1(y) 

is  dense  in  p  *(y)  ,  and  therefore  (intersecting  X'  and  p  ^(y)  with 
W  )  U  H  p  L(y)  is  dense  in  W  f|  P  ^(y)  .  Thus  p(W)  =  p(u)  and  since 

p  is  an  open  mapping,  p(w)  =  p(U)  =  f(U)  is  open  in  X  , 

To  show  that  X'  is  an  ,H*0-space,  note  first  that  it  is 
regular  and  T^  along  with  P  and  X  .  Moreover,  X'  is  covered  by 
the  separable  metric  spaces  A  X  {p}  and  (X-A)  x  N  .  Then  by  [5, 
Proposition  7*7]>  it  suffices  to  show  that  if  C  c  X1  is  compact,  and 
if  =  C  f)  (A  X  (p))  and  m  C  fl  ((X-A)  X  N)  ,  then  CL  and  C 2 
are  both  compact,  is  compact  since  A  X  (p)  is  closed  in  X"  , 

To  show  that  is  compact,  consider  the  projection  p^  :  X  x  P  -*  -*  P  . 

Pg(C)  is  compact  in  P  and  hence,  Pg(C)  is  finite.  Then  p?(C)  fl  N 

is  closed  in  P  ,  Now  =  C  H  H  N)  so  that  Cg  is  compact. 


■ 

‘ 


-  35  - 


CHAPTER  8 

Function  Spaces 

8.1  The  Compact -Open  Topology  for  <^(X,Y) 

X 

If  X  and  Y  are  spaces,  Y  denotes  the  family  of  all 

functions  from  X  to  Y  .  If  A  c  X  and  B  c  Y  ,  then  W(A,B)  = 

X  X 

{f  e  Y  J  f(A)  c  B)  .  The  compact-open  topology  for  Y  is  that 

having  sub-base  the  family  of  all  sets  of  the  form  W(C,U)  ,  with  C 

compact  in  X  and  U  open  in  Y  .  €(X,Y)  will  denote  the  space  of 

continuous  functions  from  X  to  Y  with  the  compact -open  topology. 

If  K  c  £(X,Y)  and  A  c  X  ,  then  K(A)  =  {f  (x)  *.  f  e  K  and 
x  €  A)  .  We  denote  by  ^(Y)  the  class  of  all  non-empty  compact  subsets 
of  Y  .  Then  a  function  F  :  X  -* ^(Y)  is  called  upper  semi-continuous 
if  {x  e  X  '  F(x)  c  V)  is  open  in  X  for  every  open  V  in  Y  . 

It  is  known  [3,  p.  223,  Theorem  3]  that  the  compact -open 
topology  for  ^(X,Y)  is  jointly  continuous  on  compacta  whenever 
X  is  regular;  that  is,  the  map  P  :  (^(X,Y)  x  X  ->  Y  defined  by 
P(f,x)  =  f(x)  is  continuous  on  <o(X,Y)  X  C  for  each  compact  €  c  X  . 

It  follows  that  if  K  c  C^(X,Y)  is  compact  and  C  c  X  is  compact, 
then  K(C)  is  compact. 


A  subset  K  c  <o(X,Y)  is  said  to  be  evenly  continuous  iff 


■  ‘  : 

•  .  ■ 

■ 

•  •  .  .  '■  •  r:  ;  -  *  ' 


-  36  - 


for  each  x  e  X  ,  each  y  e  Y  ,  and  each  neighborhood  U  of  y  ,  there 

is  a  neighborhood  V  of  x  and  a  neighborhood  W  of  y  such  that 

f(v)  c  U  whenever  f  e  K  and  f(x)  e  W  » 

In  [5],  Michael  shows  (Lemma  9*2)  that  if  X  is  a  k-space 
and  Y  is  regular  and  K  c  €(x,y)  is  compact,  then  the  function 
c|>  :  x  -;k(v>  defined  by  (j>(x)  =  K(x)  is  upper  semi-continuous.  Since 
our  theorem  will  require  that  X  be  a  locally  compact,  regular  space, 
we  include  another  proof  here,  using  this  added  restriction  on  X  . 

Lemma  8.1.1  .  Let  X  be_  a_  locally  compact ,  regular  space  and  let  Y 
be  a  regular  Hausdorf  f  space .  Then  if  K  c  €(X,Y)  is.  compact ,  the 
function  (j>  X  defined  by  Cj> ( x )  =  K(x)  ijs  upper  semi-continuous  ♦ 

Proof.  By  Ascoli's  theorem  [3,  p.  236,  21],  K  is  evenly  continuous. 

Let  x^  e  {x  :  C^(x)  c  U]  for  an  open  U  c  Y  .  K(x^)  ,  being  compact, 

can  be  covered  by  a  finite  collection  of  open  sets  VL  ,  i  =  l,2,...,n 

such  that  there  are  neighborhoods  ,  i  =  l,2,...,n  of  x^  such  that 

n 

f(V.)  c  U  whenever  f(x.)  e  W.  and  f  e  K  .  Then  if  N(x  )  =  fl  V.  , 

1  1  1  i  i=1  1 

N(x^)  is  a  neighborhood  of  x^  in  (x  :  (|> ( x )  c  U}  and  that  completes 

the  proof. 

Recall  that  if  X  and  Y  are  /^^-spaces,  then  so  is  <§{X,Y) 
[5,  J].  The  corresponding  statement  for  H  -spaces  does  not  always  hold 
as  is  shown  in  Example  8.3.I  .  We  can  however  establish  a  modified  version 
of  this  property  for  h^-spaces.  It  contains  a  proof  of  Theorem  5*2  in 


' 

n  si  f  e  as:  asqo  lo  aoli’asXXoa  93*  *  y  b  :*v.’.  k 
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the  special  case  where  all  the  X^'s  are  the  same  space,  since  a  countable 


set  with  the  discrete  topology  is  obviously  a  locally  compact 


J*- 


space 


Before  proceeding  with  the  theorem,  let  us  observe  that  if  we 
call  a  class  of  subsets  of  a  space  compact  whenever  each  member  of  the 
class  is  compact,  then  a  locally  compact  ^^-space  has  a  countable, 
compact  pseudobase.  For  if  X  is  a  locally  compact  X  -space  and 
(P  is  a  countable  pseudobase  for  X  ,  then  (?'  =  {P  e  (P  :  p  is 
compact)  is  also  a  pseudobase  for  X  .  This  follows  from  the  fact 
that  if  C  c  U  ,  where  C  is  compact  and  U  is  open  in  X  ,  then 
there  is  a  compact  F  such  that  C  c  F°  c  F  c  U  . 

Theorem  8,1.2  .  If  X  is  a  locally  compact  l^-space  and  Y  is  an 
K  -space,  then  (^(X,Y)  is  an  ^  -space. 


Proof .  ^ (X,Y)  is  regular  and  T^  since  Y  is  so  [3,  P*  222,4], 

Let  (p  =  (P^  :  n  e  N)  be  a  compact  pseudobase  for  X  „  Let 

=  U(pn  •  n  e  N)  be  a  cr-locally  finite  generator  for  Y  .  Let  M 

be  the  class  of  all  finite  subsets  of  N  and  for  each  m  e  M  ,  let 

^m  =  U  { Pn  1  n  €  m)  •  As  we  have  seen  before,  each  is  locally 

finite.  For  each  m  e  M  ,  let  (R  be  the  class  of  all  finite 

m 

of  members  of  J1  , 

r  m 


unions 


If  P  e  (P  ,  and  R  =  U  T,  €  (R  ,  and  f  e  £(x,y)  ; 

,  ,  k  m 


let 


k=l 


us  say  that  f(P)  <  R  means  that  f(P)  c  R  and  f(P)  fl  T ^  ^  , 

k  =  1, 2, . . . , r  .  Finally,  let  ^3\  m  be  the  class  of  all 


sets  of  the  form 


10ft  «o.o  S  r*  -  9t9t  l 


' 
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W  (P. ,R)  =  [f  €  (o  (X,  Y)  :  f(P.)  <  R  ,  P.  €  (p  and  R  e  (R  )  .  If 
Nm(f(P^))  is  a  neighborhood  of  the  compact  set  f(P^)  which  meets  only 
finitely  many  T  €  ,  then  W(P^  ,  Nm(f(P^)))  is  a  neighborhood  of 

f  which  meets  only  finitely  many  members  of  m  .  For  if 

g  e  W(Pi?  Nm(f(Pi)))  0  W^(Pi,R)  for  R  e  (Rm  ,  then  g(Pi)  c  R  = 

U  Tk  €  ^m  and  each  Tk  n  8^Pi^  4  0  •  Since  g )  c  which 

k=l 

meets  only  finitely  many  T  c  ^2^  ,  it  follows  that  there  are  only  finitely 
many  R's  in  for  which  W ( P .  ,  Nm(f(P^)))  fl  W^(P_^,R)  .  Thus 

is  locally  finite  for  each  pair  (i,m)  e  N  X  M  . 


Now  let  Jcl  be  the  sub-base  for  (^(X,Y)  consisting  of  all 

sets  of  the  form  W(C,U)  ,■  with  C  compact  in  X  and  U  open  in  Y  . 

Suppose  that  K  C  W(C,U)  €  )S  for  a  compact  K  .  By  Lemma  8.1.1, 

V  =  {x  :  K(x)  c  U)  is  open.  Since  C  c  V  and  X  is  locally  compact, 

there  is  a  compact  F  such  that  C  c  F°  c  F  c  V  .  Hence  there  is  a 

P ^  e  (P  such  that  C  c  P,  c  F°  c  V  .  Now  K(P^)  c  K(V)  c  U  and  I^P^) 

r 

is  compact.  Then  there  is  an  m  e  M  such  that  K(P.)  c  R  =  U  T  c  U  , 

1  k=l  k 

with  R  e  (Rm  .  For  each  f  e  K  ,  let  Rf  =  U  {Tk  e  {Tk}£=1  :  f(pi)  H  TR  4  0} 
Clearly,  there  are  only  finitely  many  distinct  R^'s  .  It  is  also  clear 
that  f(Pi)  <  R^  for  each  f  e  K  .  Then  K  c  U{W^(Pi,  R^)  :  f  e  K} 
c  W(P.,R)  c  W(C,U)  .  Thus  ?  ■  "ft,*  :  (i,m)  e  N  X  M}  is  a  cr-locally 
finite  class  which  generates  an  i $  -pseudobase  for  €(X,Y)  »  The 
proposition  now  follows  from  Lemma  5*1  • 

The  hypothesis  that  X  be  a  locally  compact  ^^-space  in  8.1.2 
implies  that  X  is  separable  metrizable  [5,  C],  I  have  not  been  able 


*  * 

,1.  '  - 

■ 

. 
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to  prove  or  disprove  that  a  separable  metric  space  is  enough  in  8.1.2. 

I  conjecture  that  it  is  not. 

8.2  A  Metrizable  Uniform  Space  (YX,  \[) 

We  shall  now  construct  a  uniformity  M  for  the  set  Y  , 
where  Y  is  a  paracompact  it  -space  and  X  is  an  arbitrary  set,  such 
that  (Y  ,  2.1  )  is  metrizable.  Let  us  first  recall  some  definitions. 

A  cover  H  of  a  space  X  is  said  to  be  even  if  there  is  a 
neighborhood  V  of  the  diagonal  A(X)  =  {(x,x)  :  x  £  X)  in  X  x  X 
such  that  the  family  of  all  sets  of  the  form  V | x |  =  {y  :  (x,y)  e  V) 
refines  X i  .  A  neighborhood  V  of  A(x)  is  such  to  be  symetric  if 
V  =  V-*  =  {(x,y)  !  (y,x)  e  V)  ,  If  U  and  V  are  subsets  of  X  x  X  , 
then  U  0  V  =  {(x,z)  :  there  is  y  e  X  such  that  (x,y)  e  V  and 
(y,z)  e  U]  . 

A  uniformity  for  a  set  X  is  a  non-void  family  XI  of 

f  .  ]k 

subsets  of  X  X  X  having  the  following  properties: 

(a)  A(X)  c  U  for  each  U  £  X(  . 

(b)  If  U  €  U  ,  then  U_1  e  II  . 

(c)  If  U  £  ,  then  V  °  V  c  U  for  some  V  e  H  • 

(d)  If  U  e  X|  and  V  e  X(  ,  then  U  f|  V  e  X(  . 

(e)  If  U  e  X(  and  U  c  V  c  X  x  X  ,  then  V  e  II  . 


»  X 


' 


•  ; 
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The  pair  (X,H)  is  called  a  uniform  space.  The  topology  t(*U)  for 
X  induced  by  the  uniformity  \1  (the  uniform  topology)  is  the  family 
of  all  subsets  W  of  X  such  that  for  each  x  e  W  ,  there  is  a  U  €  1{ 
such  that  U  |x  |  c  W  . 


A  subfamily  (8  of  a  uniformity  for  a  set  X  is  called 

a  base  for  ’ll  if  each  U  e  11  contains  some  B  e  (8  .  By  [3,  p.  177,  2], 
(B  is  a  base  for  some  uniformity  for  X  if  (8  is  a  non-void  family  of 
subsets  of  X  X  X  satisfying  (a)  through  (d)  above,  with  ’ll  replaced 


Each  metric  p  for  a  set  X  generates  a  uniformity  in  the 

following  way:  For  each  positive  number  r  ,  let  V  =  f(x,y)  : 

P,r 

p(x,y)  <  r)  .  Then: 

(a)  A(x)  c  V  ;for  each  r  >  0  . 

P>r 

(b)  V  =  V 

P,r  P,r 

(c)  V  0  V  =  V  ,  where  t  =  min  (r,s)  . 

p, r  p,  ®  p,  ^ 


(d)  V  o  y  c  V  _ 
p,r  p,r  p,2r 


Thus  the  family  of  all  sets  of  the  form  V  is  a  base  for  a  uniformity 

P>r 

for  X  .  A  uniform  space  (X/7!)  is  said  to  be  metrizable  iff  it  is 
possible  to  introduce  a  metric  p  for  X  such  that  !.(  is  the  uniformity 
generated  by  p  . 


‘ 

o3  tandilnu  erii)  \S 
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Theorem  8,2.1  .  Lf  x  is.  £  set  and  Y  _is_  a  para  compact  -space , 

X  X 

there  is  a  uniformity  “li  for  Y  such  that  ( Y  ,"l\)  i£  metrizable 

X 

and ,  provided  that  Y  is_  not  discrete  and  f(X)  =  Y  for  some  f  c  Y"  , 

X 

the  uniform  topology  t(K  )  for  Y  i_s  not  discrete . 

Proof.  Let  =  U  {  Pm  m  e  N}  be  a  closed  cr-locally  finite  generator 

for  Y  and  for  each  n  e  N  ,  let  G  ’  =  U  f  J  :m<n]  .  For  each 
y  e  Y  and  for  each  n  €  N  ,  let  un(y)  =  Y  -  U{T  e  •  y  |T)  •  Then 

each  Un(y)  is  an  open  neighborhood  of  y  , 

If  y^  and  y^  are  distinct  points  of  Y  ,  then  since  Y  is 

Hausdorff,  there  are  disjoint  members  T^  and  Tg  of  such  that 

y^  e  T^  and  y^  e  Tg  .  Hence  there  are  integers  n^  and  ng  such 

that  yx  ^  (y2)  and  yg  {  (yi)  . 

2  1 

Since  Y  is  paracompact,  each  open  cover  of  Y  is  even 

[3,  p.  155,  27].  Furthermore  if  U  is  a  neighborhood  of  A(Y)  then 

there  is  a  symmetric  neighborhood  V  of  A(Y)  such  that  V  0  V  c  U 

[5,  P*  157,  50].  Then  for  each  n  €  N  ,  let  =  {U^(y)  ;  y  €  Y)  » 

Let  be  a  symmetric  neighborhood  of  A(y)  such  that  {V^ jy j  l  y  €  Y) 

refines  'Ll  ^  .  Let  Wg  be  a  symmetric  neighborhood  of  ^(Y)  such  that 

{Wg  |y  |  j  y  e  Y}  refines  Xl  g  and  let  Wg  be  asymmetric  neighborhood 

of  A(Y)  such  that  Wg  o  Wg  c  Vl  .  Let  Vg  «  Wg  (]  Wg  ,  Then  Vg  is 

a  symmetric  neighborhood  of  A(y)  and  ¥g  0  Vg  c  .  Inductively, 

define  to  be  a  symmetric  neighborhood  of  A(Y)  such  that 

[V  1  |y  I  ’  y  £  Yl  refines  *U  ,  and  V  0  V  c  V 
*■  n+1  ^  J  J  n+1  n+1  n+1  n 


r.;  •.  .  - 

Dixtf  3' 

•  • 

7-5  4«  ;e 


Let  Z  be  the  set  X  .  For  each  n  e  N  ,  let 

U  =  {(f,g)  e  Z  :  (f(x),  g(x))  e  V  for  each  x  e  X]  .  Then  (3  =  (U 

n  n  n 

n  e  N]  is  a  base  for  a  uniformity  for  Y_^  .  We  shall  show  that  (B 

satisifes  the  conditions  (a)  through  (d)  of  [J,  p.  I77,  2], 

(a)  A(Y^)  c  for  each  n  e  N  .  For  if  (f,f)  t  A(Y^)  f 

then  (f(x),  f(x))  e  A(y)  c  for  each  x  e  X  and  for  each  n  e  N 

(b)  If  u  e  <3  ,  then  U  ^  =  U  .  For  {(f,g)  ;  (f(x),  g(x)) 

n  no 

c  for  each  x  e  X}  =  (g,f)  (g(x),  f(x))  £  V  for  each  x  e  X] 

since  V  =  V  ^  . 
n  n 

(c)  U  0  U  c  U  -  for  each  n  £  N  „  For  if  (f.g)  e  U  0  u  , 

n  n  n  “  1  n.  n 

X 

then  there  is  an  h  e  Y  such  that  (f,h)  a  U  and  (h,g)  £  U  ,  Then 

(f(x),  h(x))  £  and  (h(x),  g(x))  e  for  each  x  £  X  .  It  follows 

that  (f(x),  g(x))  £  V  0  V  c  V  -  for  each  x  £  X  and  therefore,  that 

n  n  n-l 

U  o  u  c  U  .  . 
n  n  n-1 

(d)  U  n  U  sU  if  m>n.  Let  (f.g)  e  U  ,  Then 

v  '  n  ro  m  —  '  *  '  m 

(f(x),  g(x))  e  for  each  x  e  X  and  hence,  (f(x),  g(x))  £  ^  for 

each  x  e  X  since  V  C  V  0  V  c  V  .  . 

m  m  m  m-1 


We  now  show  that  the  uniformity  U  for  Y^  having  base  Oj 

X 

induces  a  topology  on  Y  »  Let  f  and  g  be  distinct  members  of 

X 

Y  ,  Then  there  is  some  x  £  X  such  that  f(x)  g(x)  ,  Let  n  be 
the  first  integer  such  that  there  are  disjoint  members  and  T,  of 

^  ,  with  f(x)  c  T1  and  g(x)  £  Tg  ,  If  f(x)  £  |g(x)|  c  U^ly , 

for  some  y  £  Y  ,  then  y  e  0  by  definition  of  Un(y)  ,  which 


j  i  / 
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is  a  contradiction.  Similarly,  g(x)  Vn|f(x) |  ,  Now  it  follows  that 
f  {  Un|g|  and  g  ^  Un|f |  . 

Then  (Y  ,  li  )  is  a  Hausdorff  uniform  space  [3,  p.  180]  and 
hence,  is  metrizable  [3,  p.  186,  13]. 

Finally,  suppose  that  (f)  =  |  f  |  for  some  f  z  Y  such 

that  f(x)  =  Y  .  Then  (f)  =  {g  :  (f,g)  €  U  )  .  Now  =  {(g,h)  : 

(g(x),  h(x))  e  for  each  x  e  X}  and  is  a  neighborhood  of 

A(Y)  .  Thus  if  f  is  the  only  member  of  | f |  ,  then  =  A(Y)  and 

consequently,  Y  is  discrete.  For  suppose  not.  Let  (y^,  y^)  =  -  A(y) 

where  y^  =  f(x^)  for  x^  e  X  .  Since  y^  ^  y^  ,  there  is  a  g  e  Y 
such  that  g  =|  f  and  (f(x),  g(x))  e  for  each  x  e  X  ,  Merely  take 
g  €  Y  to  be  that  function  which  is  equal  to  f(x)  for  each  x  c  X  -  {x-^} 
and  let  g(x^)  =  y^  .  But  this  contradicts  {f)  =  | f |  »  Then,  unless 

Y  is  discrete  (some  =  A(Y))  ,  the  points  f  €  Y  such  that 

X 

f(X)  =  Y  in  the  uniform  topology  on  Y  are  not  open  and  that  completes 
the  proof. 


8.3  Examples 

X  cannot  be  replaced  by  an  arbitrary  metric  space  in  8.1.2 
as  the  following  example  shows. 

Example  8. 3. 1  .  Let  X  b£  the  closed  unit  interval  with  the  discrete 
topology  and  let  Y  be  the  same  set  with  the  usual  topology . 


Then 


. 
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<S(X,Y)  =  YX  is  compact ,  but  is  not  an  j^^-space . 

X  Us 

Proof,  If  Y  were  an  rN^-space,  then  by  Corollary  4,2,2,  it  would 
be  metrizable  which  it  is  not. 
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